Lower-hybrid oscillations in a cold magnetized electron-positron-ion
  plasma by Verma, Prabal Singh
ar
X
iv
:1
80
2.
06
24
5v
2 
 [p
hy
sic
s.p
las
m-
ph
]  
13
 M
ar 
20
18
Lower-hybrid oscillations in a cold magnetized electron-positron-ion plasma
Prabal Singh Verma
CNRS, Aix-Marseille Univ., PIIM, UMR 7345, Marseille F-13397, France
(Dated: August 6, 2018)
In this paper, we obtain the dispersion relation for the lower-hybrid oscillations/waves in a cold
magnetized electron-positron-ion (e-p-i) plasma. It is found that the frequency of the lower-hybrid
oscillations in an e-p-i plasma is approximate 1/
√
3 times the frequency of lower-hybrid oscillations
in an electron-ion (e-i) plasma, provided the plasma density is high, and the equilibrium densities
of the positron and the ion are balanced. The present work may have some relevance for labora-
tory/astrophysical e-p-i plasmas.
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I. INTRODUCTION
Dispersion relations have always provided a funda-
mental base for strongly nonlinear problems in plasma
physics [1–10]. This is because they often allow us to
gain deep insights into the experimental and astrophys-
ical observations. The linear dispersion relation for the
electron plasma oscillations in a cold unmagnetized and
magnetized plasma suggest that all the plasma species
oscillate at the electron plasma frequency and the upper-
hybrid frequency, respectively [11]. Employing a method
of Lagrange variables, Davidson and Schram have ex-
amined nonlinear electrostatic oscillations for the plas-
mas mentioned above [2, 3]. In both cases, the authors
have obtained the exact nontrivial space-time dependent
solutions in Lagrange coordinates, which depict that fre-
quencies of the nonlinear plasma oscillations are the same
as the ones derived from the corresponding linear dis-
persion relations. In a recent work, Brodin and Stenflo
have suggested a new class of nonlinear solutions for the
cold electron-plasma waves, where the physical quantities
have only temporal dependence [9]. The authors have
also obtained such solutions for magnetized plasmas [9],
warm plasmas [12] and dissipative plasma [13] etc.
Study of electrostatic oscillation in an e-p-i plasma has
also received the recent attention of many plasma physi-
cists, see, e.g., [14–16] and references therein. In the
present work, we construct linear dispersion relations for
the lower-hybrid oscillations/waves in a cold magnetized
e-p-i plasma. Here we consider the dynamics of the three
species (electron, positron, and ion) with and without
a quasi-neutral approximation and find that the results
in both cases remain the same when the plasma density
is very high. Moreover, we observe that the frequency of
lower-hybrid oscillations in an e-p-i plasma is rough 1/
√
3
times the frequency of the lower-hybrid oscillations in an
e-i plasma when the unperturbed densities of the positron
and the ion are identical. We also demonstrate here that
it is not possible to obtain the exact nonlinear solution
for the lower hybrid oscillations in a cold e-p-i plasma
even in the quasi-neutral approximation because the lon-
gitudinal velocities of all the species are not the same, as
they are for an e-i plasma [11, 17, 18]. Nevertheless, we
believe that the linear dispersion relations as suggested
here are important and should also be true for the exact
nonlinear lower hybrid oscillations in a cold e-p-i plasma.
The flow of the present manuscript is organized in the
following manner. In section II, equations describing the
dynamics of the three plasma species (e-p-i) are intro-
duced, and the linear dispersion relations are obtained
with and without the quasi-neutral criterion. Section III
contains the summary of the results and discussion.
II. GOVERNING EQUATIONS
The basic equations describing the dynamics of a cold
magnetized e-p-i plasma are the continuity equations,
∂tne +∇ · (neve) = 0, (1)
∂tnp +∇ · (npvp) = 0, (2)
∂tni +∇ · (nivi) = 0, (3)
the momentum equations,
(∂t + ve ·∇)ve = qe
me
[E+ (1/c)ve ×B], (4)
(∂t + vp ·∇)vp = qp
mp
[E+ (1/c)vp ×B], (5)
(∂t + vi ·∇)vi = qi
mi
[E+ (1/c)vi ×B], (6)
Poisson’s equation,
∇ · E = 4pi
∑
α
qαnα (7)
and Ampere’s Law,
∇×B = 4pi
c
J+
4pi
c
∂tE (8)
Here the subscript ‘e,’ stands for the electron, ‘p,’ for
the positron and ‘i,’ for the ion. The densities, velocities,
2masses, and charges of all the three species are denoted
by nα, vα, mα and qα, respectively, where α is the corre-
sponding subscript. The quantity c is the speed of light
in vacuum, E the electric field and B is a homogeneous
external magnetic field applied along the z-direction, i.e.
B = B0zˆ. CGS unit is used throughout. Spatial varia-
tions are restricted to one direction, which we consider to
be along the x-axis, without any loss of generality. Thus,
the set of equations (1)-(8) reduces to the following equa-
tions,
∂tne + ∂x(nevex) = 0, (9)
∂tnp + ∂x(npvpx) = 0, (10)
∂tni + ∂x(nivix) = 0, (11)
∂tvex + vex∂xvex = − qe
me
∂xφ− ωcevey , (12)
∂tvpx + vpx∂xvpx = − qp
mp
∂xφ+ ωcpvpy, (13)
∂tvix + vix∂xvix = − qi
mi
∂xφ+ ωciviy , (14)
∂tvey + vex∂xvey = ωcevex, (15)
∂tvpy + vpx∂xvpy = −ωcpvpx, (16)
∂tviy + vix∂xviy = −ωcivix, (17)
− ∂xxφ = 4pie(ni + np − ne), (18)
0 = 4piJx + ∂tEx (19)
where ωcα = |qαB0/mαc| denotes the cyclotron fre-
quency of the plasma species. Here we have expressed
electric field Ex, as the gradient of the electric potential
φ, i.e., Ex = −∂xφ. We note here that in Eq.(19) L.H.S.
is zero because the magnetic field is constant.
Now we proceed to adopt the linear analysis by ig-
noring the nonlinear terms in the above equations. For
instance, we can write down Eqs.(9)-(18) in the linearized
form as follows,
∂tn
(1)
e + n0e∂xv
(1)
ex = 0, (20)
∂tn
(1)
p + n0p∂xv
(1)
px = 0, (21)
∂tn
(1)
i + n0i∂xv
(1)
ix = 0, (22)
∂tv
(1)
ex =
e
me
∂xφ
(1) − ωcev(1)ey , (23)
∂tv
(1)
px = −
e
mp
∂xφ
(1) + ωcpv
(1)
py , (24)
∂tv
(1)
ix = −
e
mi
∂xφ
(1) + ωciv
(1)
iy , (25)
∂tv
(1)
ey = ωcev
(1)
ex , (26)
∂tv
(1)
py = −ωcpv(1)px , (27)
∂tv
(1)
iy = −ωciv(1)ix , (28)
− ∂xxφ(1) = 4pie
[
n
(1)
i + n
(1)
p − n(1)e
]
, (29)
where the superscript (1) represents the linear approx-
imation and we assume qi = qp = e, qe = −e, considering
ions to be singly ionized. The quantities n0e, n0p and n0i
denote the equilibrium densities of electron, positron and
ion, respectively. They satisfy the following criterion due
to the charge neutrality,
n0e = n0p + n0i (30)
A. Standard dispersion relation
In order to obtain the dispersion relation for the lower-
hybrid oscillations/waves, we assume that all the physical
quantities have the following form,
f(x, t) ∝ exp[i(kx− ωt)], (31)
where k and ω are the wave number and the wave fre-
quency, respectively. Thus, the partial derivatives ∂t and
∂x in Eqs.(20)-(29) can be replaced with −iω and ik, re-
spectively. After some algebra we arrive at the following
relations,
n(1)e =
k
ω
n0ev
(1)
ex , (32)
n(1)p =
k
ω
n0pv
(1)
px , (33)
n
(1)
i =
k
ω
n0iv
(1)
ix , (34)
v(1)ex = −
ek
mω
[
1− ω
2
c
ω2
]
−1
φ(1), (35)
v(1)px =
ek
mω
[
1− ω
2
c
ω2
]
−1
φ(1), (36)
v
(1)
ix =
ek
miω
[
1− ω
2
ci
ω2
]
−1
φ(1), (37)
k2φ(1) = 4pie
[
n
(1)
i + n
(1)
p − n(1)e
]
, (38)
3Here we have assumed me = mp = m and ωce = ωcp =
ωc. Above equations can be further combined to give the
following,
1− ω
2
pi
ω2 − ω2ci
− ω
2
pe
ω2 − ω2c
− ω
2
pp
ω2 − ω2c
= 0, (39)
where ωpi, ωpe and ωpp are the plasma frequencies of the
ion, electron and positron, respectively and their expres-
sions are,
ωpi =
√
4pin0ie2
mi
, ωpe =
√
4pin0ee2
m
,ωpp =
√
4pin0pe2
m
,
(40)
Since we are here interested in the wave with frequency
ω > ωci, we can drop ω
2
ci from Eq.(39) and obtain the
relation,
ω4 − (ω2c + ω2pi + ω2pp + ω2pe)ω2 + ω2piω2c = 0, (41)
We can further drop the term ω2pi being much smaller
than the other terms, e.g. ω2pe, ω
2
c , etc, and the Eq.(41)
takes the form,
ω4 − (ω2c + ω2pp + ω2pe)ω2 + ω2piω2c = 0, (42)
Eq.(42) is quadratic in ω2 and the solution for the same
can be written as,
ω2 =
(ω2c + ω
2
pp + ω
2
pe)±
√
(ω2c + ω
2
pp + ω
2
pe)
2 − 4ω2piω2c
2
,
(43)
where the ‘+’ sign corresponds to the upper-hybrid os-
cillations and the ‘−’ sign stands for the lower-hybrid
oscillations. Since our interest lies in the lower-hybrid
waves, we consider the ‘−’ sign and get the following,
ω2 =
1
2
[
(ω2c + ω
2
pp + ω
2
pe)
−(ω2c + ω2pp + ω2pe)
√
1− 4ω
2
piω
2
c
(ω2c + ω
2
pp + ω
2
pe)
2
]
,
(44)
however,
4ω2piω
2
c
(ω2c + ω
2
pp + ω
2
pe)
2
≪ 1.
This allows us to employ Taylor expansion for the term
in the square root of the Eq.(44). Ignoring smaller terms
we get the relation,
1
ω2
=
1
ω2pi
+
1 + 2n0p/n0i
ωcωci
, (45)
where ω in Eq.(45) is the frequency of the lower-hybrid
oscillations in a cold magnetized e-p-i plasma. Note here
that the first term on the R.H.S. of the Eq.(45) dom-
inates for low-density plasmas and cannot be ignored.
Nevertheless, for high-density plasmas, it becomes much
smaller as compared to the second term and hence can be
dropped safely for such plasmas. Thus, for high density
cold e-p-i plasmas we arrive at the following expression
for the lower-hybrid oscillations,
ω ≈
√
ωcωci
1 + 2n0p/n0i
, (46)
We show in the next subsection that above expression
for the lower-hybrid oscillations results naturally in the
quasi-neutral approximation. However, before proceed-
ing to do that, we note here that as the density of the
positron n0p → 0, we recover earlier results for e-i plas-
mas [11, 17].
B. Dispersion relation with quasi-neutrality
In the quasi-neutrality, instead of solving the Poisson’s
equation we employ the plasma approximation,
ni + np = ne, (47)
Moreover, the displacement current term (∂tEx) can also
be safely dropped from Eq.(19) because here we are inter-
ested in study of low frequency oscillations. This implies
that total current density along the x-direction is zero,
i.e.
Jx = (qinivix + qpnpvpx + qenevex) = 0. (48)
Thus, Eq.(48) becomes,
nivix + npvpx = nevex. (49)
Although from Eqs.(47)-(48) it may seem that the lon-
gitudinal velocities of all the three species vαx are equal,
but we will see shortly that it cannot be true. Now writ-
ing Eqs.(47)-(48) in the first order approximation,
n
(1)
i + n
(1)
p = n
(1)
e , (50)
n0iv
(1)
ix + n0pv
(1)
px = n0ev
(1)
ex . (51)
We now use Eqs.(32)-(37) in Eq.(50) to obtain,
ω2pi
ω2 − ω2ci
+
ω2pe
ω2 − ω2c
+
ω2pp
ω2 − ω2c
= 0, (52)
Above equation after some algebra gives the following
dispersion relation,
ω ≈
√
ωcωci
1 + 2n0p/n0i
, (53)
here we have used the fact that ω2 ≫ ω2ci. We thus
find that Eq.(46) and Eq.(53) are identical, and this in-
dicates that the quasi-neutrality is a reasonable approach
4to study lower-hybrid oscillations in a cold magnetized e-
p-i plasma provided the plasma density is very high. We
also learn here that when the densities of the positron
and the ion are equal, we have ω ≈
√
ωcωci/3. Therefore,
for balanced positron and ion densities, the frequency of
lower-hybrid oscillations in an e-p-i plasma is approxi-
mate 1/
√
3 times the frequency of lower-hybrid oscilla-
tions in an e-i plasma.
We further note here that one would get the same
expression for the lower-hybrid frequency when the lin-
earized current equation (51) is used. This gives a clue
that longitudinal velocities of the three species cannot be
the same, because if we just employ v
(1)
ex = v
(1)
ex = v
(1)
ix ,
the expression for the lower-hybrid frequency are not re-
covered. We thus conclude that the method of Lagrange
variables cannot be used here to obtain an exact solu-
tion for the nonlinear lower-hybrid oscillations in a cold
magnetized e-p-i plasma because the Lagrange technique
is applicable only when all the plasma species have the
same longitudinal velocity, as in e-i plasmas under quasi-
neutral assumption [17].
III. SUMMARY AND DISCUSSION
In summary, we have obtained linear dispersion rela-
tions for the lower-hybrid oscillations in a cold magne-
tized e-p-i plasma with and without the quasi-neutral
approximation. We have found that the quasi-neutrality
is a valid approximation for high-density e-p-i plasmas.
Moreover, we have shown that for equal densities of
the ion and the positron, the frequency of the lower-
hybrid oscillations in an e-p-i plasma is approximate
1/
√
3 times the frequency of lower-hybrid oscillations in
an e-i plasma. We have further demonstrated that exact
solutions for the lower hybrid oscillations in a cold e-p-i
plasma are not possible due to different longitudinal ve-
locities of different species. We conclude by saying that
although the results in the present paper are linear, they
might be relevant to the laboratory and astrophysical e-
p-i plasmas because we believe that the corresponding
nonlinear lower-hybrid oscillations/waves will obey the
same frequency as suggested here. We will verify this
statement shortly by employing our recently developed
code [19] to study these oscillations numerically.
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